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A new scheme for color confinement in QCD due to violation of the non-Abelian Bianchi identities
is proposed. The violation of the non-Abelian Bianchi identities (VNABI) Jµ is equal to Abelian-
like monopole currents kµ defined by the violation of the Abelian-like Bianchi identities. Although
VNABI is an adjoint operator satisfying the covariant conservation rule DµJµ = 0, it gives us, at the
same time, the Abelian-like conservation rule ∂µJµ = 0. The Abelian-like conservation rule ∂µJµ = 0
is also gauge-covariant. There are N2 − 1 conserved magnetic charges in the case of color SU(N).
The charge of each component of VNABI is quantized a` la Dirac. The color invariant eigenvalue
λµ of VNABI also satisfies the Abelian conservation rule ∂µλµ = 0 and the magnetic charge of
the eigenvalue is also quantized a` la Dirac. If the color invariant eigenvalue make condensation in
the QCD vacuum, each color component of the non-Abelian electric field Ea is squeezed by the
corresponding color component of the sorenoidal current Jaµ . Then only the color singlets alone can
survive as a physical state and non-Abelian color confinement is realized. This picture is completely
new in comparison with the previously studied monopole confinement scenario based on an Abelian
projection after some partial gauge-fixing, where Abelian neutral states can survive as physical.
VNABI satisfying the Dirac quantization condition could be defined on lattice as lattice Abelian-
like monopole currents without any gauge-fixing. Previous studies of the Abelian-like monopoles kµ
on lattice show that non-Abelian color confinement could be understood by the Abelian-like dual
Meissner effect due to condensation of VNABI.
PACS numbers: 12.38.AW,14.80.Hv
I. INTRODUCTION
Color confinement in quantum chromodynamics
(QCD) is still an important unsolved problem [1].
As a picture of color confinement, ’t Hooft [2] and
Mandelstam [3] conjectured that the QCD vacuum is
a kind of a magnetic superconducting state caused by
condensation of magnetic monopoles and an effect dual
to the Meissner effect works to confine color charges.
However, in contrast to SUSY QCD [4] or Georgi-
Glashow model [5, 6] with scalar fields, to find color mag-
netic monopoles which condense is not straightforward in
QCD.
An interesting idea to realize this conjecture is to
project QCD to the Abelian maximal torus group by a
partial (but singular) gauge fixing [7]. In SU(3) QCD,
the maximal torus group is Abelian U(1)2. Then color
magnetic monopoles appear as a topological object. Con-
densation of the monopoles causes the dual Meissner ef-
fect [8–10].
Numerically, an Abelian projection in non-local gauges
such as the maximally Abelian (MA) gauge [11–13] has
been found to support the Abelian confinement scenario
beautifully [14–20]. The present author and his group
have shown that the Abelian dominance and the dual
Meissner effect are observed clearly also in local unitary
gauges such as F12 and Polyakov (PL) gauges [21].
∗e-mail:suzuki04@staff.kanazawa-u.ac.jp
However, although numerically interesting, the idea of
Abelian projection[7] is theoretically very unsatisfactory.
1) In non-perturabative QCD, any gauge-fixing is not
necessary at all. There are infinite ways of such a partial
gauge-fixing and whether the ’t Hooft scheme is gauge
independent or not is not known. 2) After an Abelian
projection, only one (in SU(2)) or two (in SU(3)) gluons
are photon-like with respect to the residual U(1) or U(1)2
symmetry and the other gluons are massive charged mat-
ter fields. Such an asymmetry among octet gluons is un-
natural. 3) How one can construct Abelian monopole
operators in terms of gluon fields is not clear at all.
The purpose of this work is to show a new scheme for
color confinement due to the dual Meissner effect which
is free from the above problems concerning the ’tHooft
idea[7],
II. EQUIVALENCE OF Jµ AND kµ
First of all, we prove that the Jacobi identities of co-
variant derivatives lead us to that violation of the non-
Abelian Bianchi identities (VNABI) Jµ is nothing but
an Abelian-like monopole kµ defined by violation of the
Abelian-like Bianchi identities without gauge-fixing. For
simplicity we consider SU(2) QCD. Define a covariant
derivative operator Dµ = ∂µ − igAµ. The Jacobi identi-
ties are expressed as
ǫµνρσ[Dν , [Dρ, Dσ]] = 0. (1)
2By direct calculations, one gets
[Dρ, Dσ] = [∂ρ − igAρ, ∂σ − igAσ]
= −ig(∂ρAσ − ∂σAρ − ig[Aρ, Aσ]) + [∂ρ, ∂σ]
= −igGρσ + [∂ρ, ∂σ],
where the second commutator term of the partial deriva-
tive operators can not be discarded, since gauge fields
may contain a line singularity. Actually, it is the ori-
gin of the violation of the non-Abelian Bianchi identi-
ties (VNABI) as shown in the following. The relation
[Dν , Gρσ] = DνGρσ and the Jacobi identities (1) lead us
to
DνG
∗
µν =
1
2
ǫµνρσDνGρσ
= − i
2g
ǫµνρσ[Dν , [∂ρ, ∂σ]]
=
1
2
ǫµνρσ[∂ρ, ∂σ]Aν
= ∂νf
∗
µν , (2)
where fµν is defined as fµν = ∂µAν − ∂νAµ = (∂µAaν −
∂νA
a
µ)σ
a/2. The left-hand side of Eq.(2) if vanish-
ing is the non-Abelian Bianchi identities, whereas the
right-hand side of Eq.(2) if vanishing is the Abelian-like
Bianchi identities. Namely Eq.(2) shows that the viola-
tion of the non-Abelian Bianchi identities is equivalent
to that of the Abelian-like Bianchi identities.
Denote the violation of the non-Abelian Bianchi iden-
tities as Jµ:
Jµ =
1
2
Jaµσ
a = DνG
∗
µν . (3)
Eq.(3) is gauge covariant and therefore a non-zero Jµ is a
gauge-invariant property. An Abelian-like monopole kµ
without any gauge-fixing is defined as the violation of the
Abelian-like Bianchi identities:
kµ =
1
2
kaµσ
a = ∂νf
∗
µν =
1
2
ǫµνρσ∂νfρσ. (4)
Eq.(2) shows that
Jµ = kµ. (5)
Several comments are in order.
1. Eq.(5) can be considered as an extension of the
important relation derived recently by Bonati et
al.[22] in the framework of an Abelian projection
to a simple case without any Abelian projection.
Actually it is possible to prove directly without the
help of the Jacobi identities
Jaµ − kaµ = TrσaDνG∗µν − ∂νf∗aµν
= −igTrσa[Aν , G∗µν ]
−igǫµνρσTrσa[∂νAρ, Aσ]
= 0.
Abelian monopoles in any Abelian projection such
as MA gauge are related to VNABI as shown in
Ref.[22]. Hence VNABI itself is expected to be a
key quantity in color confinement.
2. VNABI Jµ transforms as an adjoint operator, so
that does the Abelian-like monopole current kµ.
This can be proved also directly. Consider a regular
gauge transformation
A′µ = V AµV
† − i
g
∂µV V
†.
Then
k′µ = ǫµνρσ∂ν∂ρA
′
σ
= ǫµνρσ∂ν∂ρ(V AµV
† − i
g
∂µV V
†)
= V (ǫµνρσ∂ν∂ρAσ)V
†
= V kµV
†. (6)
3. The above equivalence shows VNABI is essentially
Abelian-like. It was already argued that singulari-
ties of gauge fields corresponding to VNABI must
be Abelian[23], although the reasoning is different.
4. The covariant conservation ruleDµJµ = 0 is proved
as follows[22]:
DµJµ = DµDνG
∗
νµ =
ig
2
[Gνµ, G
∗
νµ]
=
ig
4
ǫνµρσ[Gνµ, Gρσ] = 0, (7)
where
∂µ∂νG
∗
µν = 0 (8)
is used. The Abelian-like monopole satisfies the
Abelian-like conservation rule
∂µkµ = ∂µ∂νf
∗
µν = 0 (9)
due to the antisymmetric property of the Abelian-
like field strength[24]. Hence VNABI satisfies also
the same Abelian-like conservation rule
∂µJµ = 0. (10)
Both Eqs.(7) and (10) are compatible, since the
difference between both quantities
[Aµ, Jµ] =
1
2
ǫµνρσ[Aµ, ∂νfρσ]
= ǫµνρσ [Aµ, ∂ν∂ρAσ]
= −1
2
ǫµνρσ∂ν∂µ[Aρ, Aσ]
=
i
g
(∂µ∂νG
∗
µν − ∂µ∂νf∗µν)
= 0,
where (8) and (9) are used. Hence the Abelian-like
conservation relation (10) is also gauge-covariant.
35. The Abelian-like conservation relation (10) gives
us three conserved magnetic charges in the case of
color SU(2) and N2−1 charges in the case of color
SU(N). But these are kinematical relations com-
ing from the derivative with respect to the diver-
gence of an antisymmetric tensor [24]. The number
of conserved charges is different from that of the
Abelian projection scenario [7], where only N − 1
conserved charges exist in the case of color SU(N).
III. DIRAC QUANTIZATION CONDITION
Next we show that the magnetic charges derived from
k4 = J4 satisfy the Dirac quantization condition with re-
spect to magnetic and electric charges. Consider a space-
time point O where the Bianchi identities are violated
and a three-dimensional sphere V of a large radius r from
O. Since k4 = J4 is given by the total derivative, the be-
havior of the gauge field at the surface of the sphere is
relevant. When r → ∞, the non-Abelian field strength
should vanish since otherwise the action diverges. Then
the magnetic charge could be evaluated by a gauge field
described by a pure gauge Aµ = Ω∂µΩ
†/ig, where Ω is a
gauge transformation matrix satisfying Ω[∂µ, ∂ν ]Ω
† = 0
at r → ∞. Then the magnetic charge gdm in a color
direction is evaluated as follows:
gdm =
∫
V
d3xkd4 =
∫
d3x
1
2
ǫ4νρσ∂ν(∂ρA
d
σ − ∂σAdρ)
=
∫
V
d3x
1
2ig
ǫijk∂iTrσ
d(∂jΩ∂kΩ
† − ∂kΩ∂jΩ†
+Ω[∂j , ∂k]Ω
†)
=
∫
V
d3x
1
2g
ǫijk{ǫabc∂i(φˆa∂j φˆb∂kφˆc
+∂iTrσ
dΩ[∂j , ∂k]Ω
†)}
=
∫
∂V
d2S
1
2g
ǫijkǫ
abcφˆa∂j φˆ
b∂kφˆ
c, (11)
where Ω[∂j , ∂k]Ω
† = 0 on the surface at r → ∞ is used
and φˆ is a Higgs-like field defined as
φˆ = φˆiσi
= ΩσdΩ†.
φˆ2 = 1 is shown easily. Since the field φˆ is a single-
valued function, Eq.(11) is given by the wrapping num-
ber n characterizing the homotopy class of the mapping
between the spheres described by φˆ2 = (φˆ1)2 + (φˆ2)2 +
(φˆ3)2 = 1 and ∂V = S2: π2(S
2) = Z. Namely
gdmg = 4πn. (12)
This is just the Dirac quantization condition. Note that
the minimal color electric charge in any color direction
is g/2. Hence the kinematical conservation rule is also
topological.
What happens in the case of color SU(3)? Then it is
easy to prove that the three SU(2) subspaces (isospin,
U-spin, V-spin) play the role in the above mapping and
all eight magnetic charges are quantized similarly a` la
Dirac. In SU(3), a gauge field for r →∞ becomes Aµ =
Ω∂µΩ
†/ig, where now Ω is a 3× 3 gauge transformation
matrix of SU(3). Then for example, consider a magnetic
charge in the λ1 direction, where λa is the GellMann
matrix. Then define a Higgs-like field φˆ as
φˆ = φˆiλi (13)
= Ωλ1Ω†. (14)
The magnetic charge g1m in the λ
1 color direction is eval-
uated as follows:
g1m =
∫
V
d3xk14 =
∫
d3x
1
2
ǫ4νρσ∂ν(∂ρA
1
σ − ∂σA1ρ)
=
∫
V
d3x
1
2ig
ǫijk∂iTrλ
1(∂jΩ∂kΩ
† − ∂kΩ∂jΩ†
+Ω[∂j, ∂k]Ω
†)
=
∫
V
d3x
1
2g
ǫijk{ǫabc∂i(φˆa∂j φˆb∂kφˆc
+∂iTrλ
1Ω[∂j , ∂k]Ω
†)}
=
∫
∂V
d2S
1
2g
ǫijkǫ
abcφˆa∂j φˆ
b∂kφˆ
c. (15)
Now one sees from (14)
φˆ2 =

 1 0 00 1 0
0 0 0

 . (16)
The condition (16) gives us
(φˆ1)2 + (φˆ2)2 + (φˆ3)2 = 1,
φˆ4 = φˆ5 = φˆ6 = φˆ7 = φˆ8 = 0.
Namely the subspace composed of (φˆ1, φˆ2, φˆ3) is a sphere
S2 and the mapping is just like that in the case of color
SU(2). Hence g1m satifies the Dirac quantization condi-
tion
g1mg = 4πn. (17)
The same condition holds good for all other magnetic
charges.
IV. THE CONFINING VACUUM PROPOSED
Now we propse a new mechanism of color confinement
in which VNABI Jµ play an important role in the vac-
uum. However Jµ has a color electric charge as well as
the magnetic charge. Hence the condensation of Jµ them-
selves seems to give us at the same time a spontaneous
4breaking of SU(2) color electric symmetry. It is con-
tradictory to the usual expectation concerning the color
confinement, where the electric color symmetry is kept
exact.
Since VNABI transforms as an adjoint operator, it can
be diagonalized by a unitary matrix Vd(x) as follows:
Vd(x)Jµ(x)V
†
d (x) = λµ(x)
σ3
2
,
where λµ(x) is the eigenvalue of Jµ(x) and is then color
invariant but magnetically charged. Note that Vd(x)
does not depend on µ due to the Coleman-Mandula
theorem[35] [37]. Then one gets
Φ(x) ≡ V †d (x)σ3Vd(x) (18)
Jµ(x) =
1
2
λµ(x)Φ(x). (19)
Namely the color electrically charged part and the mag-
netically charged part are separated out. From (19) and
(10), one gets
∂µJµ(x) =
1
2
(∂µλµ(x)Φ(x) + λµ(x)∂µΦ(x))
= 0. (20)
Since Φ(x)2 = 1,
∂µλµ(x) = −λµ(x)Φ(x)∂µΦ(x)
= 0.
Hence the eigenvalue λµ itself satisfies the Abelian con-
servation rule. Moreover when use is made of (6) and
(11), it is easy to prove that
λµ(x)
σ3
2
= ǫµνρσ∂ν∂ρA
′
σ(x), (21)
where A′µ = VdAµV
†
d − ig∂µVdV †d . Here Eq.(21) means
the singularity appears only in the diagonal component of
the gauge field A′µ. This may be related to the work[23].
Hence if one considers for large r
A′µ → Ω∂µΩ†/ig,
φˆ = φˆiσi = Ωσ3Ω†,
one can easily see from (11) that the magnetic charge
from the eigenvalue λµ also satisfies the Dirac quantiza-
tion condition (12). The condensation of the color-singlet
magnetic currents λµ does not give rise to a spontaneous
breaking of the color electric symmetry. Condensation of
the color invariant magnetic currents λµ may be a key
mechanism of the physical confining vacuum. This is a
new scheme of color confinement we propose. To clar-
ify clearly the difference of this scheme from the previ-
ous ’tHooft Abelian projection with some partial gauge-
fixing, we show TableI in which typical different points
are written..
V. VNABI AND ABELIAN MONOPOLES IN
VARIOUS ABELIAN PROJECTION SCHEME
Let us discuss here the relation derived by Bonati et
al.[22]:
kABµ (x) = Tr{Jµ(x)ΦAB(x)}, (22)
where kABµ (x) is an Abelian monopole, Φ
AB(x) =
V †AB(x)σ3VAB(x) and VAB(x) is a partial gauge-fixing
matrix in some Abelian projection like the MA gauge.
Making use of Eq.(19), we get
kABµ (x) = λµ(x)Φ˜
3(x), (23)
where
Φ˜(x) = VAB(x)V
†
d (x)σ3V
†
AB(x)Vd(x)
= Φ˜a(x)σa.
The relation (22) is very important, since existence of
an Abelian monopole in any Abelian projection scheme
is guaranteed by that of VNABI Jµ in the continuum
limit. Hence if in any special gauge such as MA gauge,
Abelian monopoles remain non-vanishing in the contin-
uum as suggested by many numerical data [14–20], VN-
ABI also remain non-vanishing in the continuum.
VI. LATTICE NUMERICAL RESULTS
To prove the correctness of the new confinement
scheme, we have made numerical simulations of lattice
QCD.
A. Definition of VNABI on lattice
There is a long history studying VNABI on lattice.
Skala et al. [25] adopted a naive definition of VNABI
using a three dimensional cube composed of six plaque-
ttes and found that VNABI strongly influence the confin-
ing property. Gubarev and Morozov[26] adopted a more
sofisticated lattice definition of VNABI and also found
that the suppression of VNABI is likely to destroy con-
finement in D = 4 dimensions.
Since VNABI is found to be equivalent to Abelian-like
monopoles without gauge-fixing, it is possible to define
VNABI on lattice following the method of defining lattice
Abelian-like monopoles[27–29].
Write an SU(2) link field as
U(s, µ) = U0(s, µ) + i~σ · ~U(s, µ).
Then Abelian-like link fields are defined[28, 29] as
θaµ(s) = arctan(
Ua(s, µ)
U0(s, µ)
). (24)
5TABLE I: Comparison between the ’tHooft Abelian projection studies and the present work in SU(2) QCD. φˆ′ = V †p σ3Vp,
where Vp is a partial gauge-fixing matrix of an Abelian projection. (uc, dc) is a color-doublet quark pair. MA means maximally
Abelian.
The ’tHooft Abelian projection scheme This work and Refs.[28, 29]
Previous works[11–21] Reference [22]
Origin of kµ A singular gauge transformation kµ = TrJµφˆ
′ kaµ = J
a
µ
No. of conserved kµ 1 3
Role of Aaµ One photon Aµ with kµ + 2 massive A
±
µ Three gluons A
a
µ with k
a
µ
Flux squeezing One electric field Eµ Three electric fields E
a
µ
Number of physical mesons 2 Abelian neutrals, u¯cuc and d¯cdc 1 color singlet u¯cuc + d¯cdc
Expected confining vacuum Condensation of Abelian monopoles Condensation of color-invariant λµ
Privileged gauge choice No special one MA gauge No gauge-fixing
Abelian-like plaquette variables
θaµν(s) = ∂µθ
a
ν (s)− ∂νθaµ(s)
are decomposed into
θaµν(s) = θ¯
a
µν(s) + 2πn
a
µν(s) (|θ¯aµν | < π), (25)
where naµν(s) is an integer corresponding to the number of
the Dirac string. Abelian-like monopoles without gauge-
fixing are defined[27] as
kaµ(s) = (1/2)ǫµαβγ∂αθ¯
a
βγ(s+ µˆ). (26)
Hence VNABI is defined on lattice similarly as
Jµ(s) = (1/2)ǫµαβγ∂αθ¯βγ(s+ µˆ). (27)
This quantity transforms as an adjoint operator as shown
in the continuum in Eq.(6), neglecting higher order terms
with respect to the lattice distance. It is to be noted that
a color component Jaµ(s) of the lattice VNABI is integer.
This corresponds to the Dirac quantization codition be-
tween electric and magnetic charges Eq.(12)[27]. Eq.(27)
leads us to the Abelian-like conservation rule ∂′µJµ(s) = 0
where ∂′µ denotes the lattice backward difference.
B. Existence of VNABI in the continuum limit
The present author with collaborators have made high
presision lattice simulations of Abelian-like monopoles
without gauge-fixing [28, 29]. The results obtained are
very interesting, although the authors of Ref. [28, 29]
could not understand at that time why gauge-variant
monopoles are important. Let me review some of them
explicitly in short, since the same results are obtained
with respect to VNABI.
1. A static quark-antiquark potential derived from
Abelian-like Polyakov loop correlators gives us the
same string tension as the non-Abelian one within
the statistical error bar.
2. The Hodge decomposition of the Abelian-like
Polyakov loop correlator to the regular photon and
the singular monopole parts also reveals that only
the monopole part is responsible for the string ten-
sion.
3. The scaling behaviors of the string tensions are
shown rather beautifully and the volume depen-
dence is not seen, although more detailed studies
are necessary.
4. The flux-tube profile is studied by evaluating con-
nected correlation functions [30, 31]. Abelian-like
electric fields defined in an arbitrary color direction
are squeezed by monopole supercurrents with the
same color direction. Only the electric field par-
allel to the static quark pair EaAz is found to be
squeezed. The penetration length λ is determined
as λ = 0.128(2) [fm]. This is similar to those ob-
tained in various Abelian projection cases [21].
5. To see what squeezes the Abelian-like electric field,
Ref.[28, 29] studied the Abelian-like (dual) Ampe`re
law
~∇× ~EaA = ∂4 ~BaA + 2π~ka ,
where BaAi(s) = (1/2)ǫijkθ¯
a
jk(s). Each term is
evaluated on the same mid-plane as for the elec-
tric field. It is found that only the azimuthal
components are non-vanishing, which are plotted
in Fig. 1 [29]. The curl of the electric field is
non-vanishing and is reproduced only by monopole
currents. These behaviors are clearly a signal
of the Abelian-like dual Meissner effect, which
are quite the same as those observed in the MA
gauge [19, 20].
6. The coherence length ξ is evaluated from the cor-
relation function between the Wilson loop and the
squared monopole density (kaµ)
2(s) [32]. The
coherence length extracted from the correlation
function g(r) = c′1 exp(−
√
2r/ξ) + c′0 is ξ/
√
2 =
0.102(3) [fm]. The GL parameter
√
2κ = λ/ξ =
1.25(6) is close to the values obtained with gauge
fixing[21]. Since the Wilson loop used here may
still be small, what one can say is that the vacuum
type is near the border between the type 1 and 2.
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FIG. 1: The curl of the Abelian-like electric field, magnetic
displacement currents and monopole currents for W (R =
5a, T = 5a).
7. Since all color components of Abelian-like
monopoles make condensation, only a state with-
out any color electric field can survive in physical
world. They are only non-Abelian color singlets.
Hence non-Abelian color confinement can be un-
derstood by the Abelian-like dual Meissner effect
due to condensation of Abelian-like monopoles and
VNABI.
These numerical results, although the volume effects
and the continuum limit are not yet completely studied,
suggest that (1) the lattice definition[27] works good also
in the case of VNABI or Abelian-like monopoles without
any gauge-fixing and (2) the dual Meissner effect caused
by condensation of VNABI is a key mechanism of color
confinement of QCD.
Some comments are in order.
• To check the dual Meissner effect in the continuum
limit, it is interesting to derive an infrared effective
theory in terms of VNABI. Such a study was done
in the case of MA gauge [33, 34] with the help of
an inverse Monte-Carlo method and the block-spin
transformation. However in the case of VNABI, it
transforms as an adjoint operator and the effective
action for VNABI should satisfy the color symme-
try.
• Since VNABI transforms as an adjoint operator, a
quantity J2µ is gauge-invariant and physical. Taking
a sum with respect to the Lorentz index, one gets
a gauge-invariant and a Lorentz scalar observable∑
µ J
2
µ. It is interesting to study the quantity in
numerical simulations, since it may correspond to a
monopole scalar field expected theoretically[9, 10].
• Also interesting are numerical studies like those
done in Refs.[25, 26] analyzing the effect of VN-
ABI, although their lattice definitions of VNABI
are different.
VII. CONCLUSION
Finally let me summarize new findings of this note.
1. VNABI is equal to the Abelian-like monopole com-
ing from the violation of the Abelian-like Bianchi
identities.
2. VNABI satisfies the Abelian-like conservation rule
as well as the covariant one. Hence there are N2 −
1 conserved magnetic charges in the case of color
SU(N).
3. All magnetic charges are quantized a` la Dirac.
4. VNABI can be defined on lattice as lattice Abelian-
like monopoles. Previous numerical results suggest
that the dual Meissner effect due to condensation of
VNABI must be the color confinement mechanism
of QCD. The role of Abelian monopoles is played
by VNABI. This must be a new scheme for color
confinement in QCD.
5. Condensation of the color invariant magnetic cur-
rents λµ which are the eigenvalue of VNABI Jµ
may be a key mechanism of the physical confining
vacuum.
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